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We investigate localized periodic solutions (breathers) in a lattice of parametrically driven, nonlin-
ear dissipative oscillators. These breathers are demonstrated to be exponentially localized, with two 
characteristic localization lengths. The crossover between the two lengths is shown to be related to 
the transition in the phase of the lattice oscillations. 

1. Introduction 

Recently discovered localized periodic exci tat ions 
(breathers) in nonl inear lattices are attracting large 
interest now [ 1 , 2 , 3]. It can be proven that such solu-
t ions exist for general nonlinear chains of oscil lators, 
at least in the limit of small coupl ing be tween os-
cillators [4, 5]. Here the idea of the ant i -cont inuous 
limit, where one starts with the dynamics of the un-
coupled oscillators, is important . In the uncoupled 
chain, a localized solution can be constructed in a 
s traightforward way by setting one oscil lator in the 
periodic regime, while all the others are exactly at 
rest (at a fixed point). Such a solution can be contin-
ued for nonvanishing coupling, provided some non-
resonance condi t ions are fulfi l led [4, 5]. 

The localized solution is exact in the Hamil tonian 
situation, with dissipation it can only be metastable. 
The goal of this paper is to show that with parametr ic 
excitation breathers can exist as exact solut ions even 
in the presence of dissipation. Qualitatively, this can 
be understood f r o m consider ing the ant i -cont inuous 
limit. With dissipation and without external forcing 
the only steady state of a nonl inear oscil lator is a 
stable fixed point. To construct a nontrivial localized 
solution we must have, in addit ion to the fixed point, 
another attractor in the phase space of a single oscil-
lator. It is wel l -known that such a bistability appears 
if a nonlinear oscil lator is exci ted parametrically. A 
bistable behavior can be also observed if a nonl inear 
oscillator is subject to a periodic external force. In 
this latter case, however, the zero fixed point is not a 
solution. Thus, in a chain of uncoupled parametr i -
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cally excited oscillators we can prepare such a state 
(choosing appropriate initial condit ions) that all os-
cillators but one are at rest. One can expect that for at 
least small coupling such a state results in a localized 
breather. Below, we demonstra te this numerical ly for 
a particular model . 

2. The Model 

We consider a chain of nonl inear oscillators subject 
to a spatially homogeneous t ime-periodic parametr ic 
driving. One can think of a chain of spin oscil lators in 
a periodic magnet ic field [6] or of a chain of pendula 
hanging at a c o m m o n bar which is moving vertically. 
The governing equat ions of mot ion are 

Qi =Pi, 

p% = -2dpi - (1 - h cos(üj0t))qi - 7q] (1) 

+ c(ql+1 - 2ql + qi-i) 

The boundary condit ions can be chosen to be periodic 
or open. We suppose the local potential to have the 
fo rm V(ql) = \qj + ^ 7 q j , another realistic possibil i ty 
would be the potential V(q) = sin q. The parameters 
are the strength of driving h, the damping constant d, 
the driving f requency ujo, and the coupl ing constant c. 
We restrict our considerat ion to small valuesof h and 
d, where the behavior is relatively simple [7]. 

The dynamics of the single oscil lator system (of 
which we have identical copies at each site in setting 
c = 0) for small values of h and d is wel l -known, it 
can easily be obtained f rom the asymptot ic method 
[7]. The state q = 0, p = 0 exists for all values 
of the parameters; it is unstable within the region 
of parametric resonance u;q,i < u;q < u>o,2- A non-
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Fig. 1. Spatial decay profile for different couplings c in the 
lattice described by (1). The parameters are d = 0.05, h = 
0.3, ujo = 2.25. From bottom to top, the couplings are 
c = 0.016, c = 0.018, c = 0.020, c = 0.022, c = 0.025, 
c = 0.028, c = 0.032, c = 0.035, c = 0.040, c = 0.046. For 
couplings above cCT « 0.04 the localization property gets 
lost. 

Fig. 2. The amplitude and the phase (relative to the phase 
of driving) for the lattice with parameters as in Fig. 1 and 
the coupling c = 0.035. One can see clearly the transition 
in the phase and the associated bend in the amplitude vs. 
space curve. 

zero stable per iodic solution (with f requency cjo/2) 
exists in the larger region u;o,i < ojq < a>o,3- Here the 
asymptot ic fo rmulae for u>o,i are 

u>h = 4-2y/h2 - 16rf2, 

^0,2 = 4 + 2 V h 2 - 16rf2, 

2 _ h2 

W ° ' 3 " 4rf^ 

in the leading order of h and rf. Thus, for certain 
parameter values we have a bistable situation in the 
region u>o,2 < ^o < ^0,3: both the zero fixed point 
and the periodic solution are stable. 

3. Results 

We solved the Eqs. (1) numerically with a Runge-
Kutta method , using periodic boundary condit ions 
qL = qo (L is the chain length). Since we want to 
consider a symmetr ic situation we use always an odd 
number of oscil lators. To produce a localized solution, 
we take the parameters in the region of bistability de-
scribed above, and initialize the oscillator at zero with 
a finite ampl i tude whi le the rest of the chain is set to 
have zero velocity and displacement . Skipping the 
first 1000 periods of the external force as transients, 
we calculate the spatial oscillation profile in the chain 
for different coupl ing constants. 

Fig. 3. Dependence of the decay exponent on the coupling 
for the lattice with parameters as in Fig. 1. The full line 
corresponds to the exponent for strong (small values of 
Ii — i c | ) , the dashed line for weak decay (large values of 
\i ~ id). 

The results are displayed in Figs. 1 and 3. One 
can see that the localization is exponent ia l Bi ~ 
e x p ( — ß \ i — i c \ ) where Bt = {q})~{qz)2 is the variance 
of the oscil lat ions at site i. Remarkably, the exponent 
ß is not a constant but has different values for small 
and large distances f rom the central point ic. This ef-
fect is clearer shown in Figure 2. Here we display 
together with the ampli tude also the phase of oscilla-
tions. One can see the crossover be tween two states: 
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for small i — i c the phase takes the values <t>o + ^ 
and the exponent ß is large, while for larger i — ic the 
phases cf)\ and 4>\ + 7t are observed and the exponent 
ß is small. To explain this, we write the approximate 
equat ions for the lattice using the asymptot ic method 
(method of averaging) [7], For the complex ampli-
tude, defined as 

qx - Atel - + c . c . 

we then obtain 

Ai = - d A , - 4 - D A , 
co0 4 

ih_ 

2u)0 

+ — l^^Ai ——(Al+1 + 
LÜQ LOQ 

A : 

2 Ai). 

Consider first the case of a single parametrical ly ex-
cited oscillator. Then, represent ing A = ael<t> one gets 
the fo l lowing relation for the stable solution (it is as-
sumed that 7 > 0): 

sin 20 s = 
2üj()d 

, cos 2 = (1 l ^ O x l / 2 

h2 ' 
(2) 

Consider next the oscil lat ions in a linear lattice 
( 7 = 0), assuming the phase shift to be 7r between 
neighboring sites and the exponential decay of the 
ampli tude a l + \ / a i = exp(—ß). We get then for the 
phase 

sin 20i = 
2ujq d 

2 J1 

cos 20, = - ( 1 - + c(e0 + e~ß + 2)). 
h 4 

(3) 

One can see f r o m (2) and (3) that for ujq > 2 and 
small enough c the relation (j)s = it — <j>\ holds. This is 
exactly the case shown in Figure 2. We can identify 

the phase of the central oscillator 0o with (doing 
this we neglect the influence of the neighbors) , and 
the phase far away f rom the center <j>\ with the linear 
phase 4>\. Because </>s ^ <f>\, the crossover f rom one 
regime to another one is observed. 

The approach above allows one also to es t imate the 
critical value of coupl ing at which the localized state 
disappears. Assuming ß = 0 in (3), we obtain 

c ^ - 4 1 
Ccr = 

16 8 

For the parameters used this gives ccr = 0 .042 to be 
compared with our numerical es t imate ccr = 0 .04. 

4. Discussion 

We have described a way to excite a stable local-
ized periodic excitation (breather) in a nonl inear lat-
tice with dissipation. The parametric forc ing al lows 
one to compensate dissipative losses, whi le not de-
stroying the localized nature of the solution. Clearly, 
in contrast to the purely conservative case, we do 
not obtain a family of solutions, but an isolated solu-
tion completely determined by the parameters of the 
lattice and of the driving. The interesting feature of 
the parametrically excited breather is the existence 
of two localization exponents , with a crossover be-
tween them. We have explained this phenomenon as 
caused by different phases of the lattice osci l lat ions in 
the nonlinear and linear regimes. A possibil i ty to ob-
serve more complex (may be even chaot ic) breathers 
remains a subject for further investigations. 
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